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Analyzed is the p rob l em  of rad ia t ive  heat  t r a n s f e r  in a plane l a y e r  of a g r ay  medium.  It is 
found that  in med ia  where  kL > 1 there  is no jump of m o l e c u l a r  t e m p e r a t u r e  at  the boundary 

su r faces .  

A study of p r o b l e m s  concerning the rad ia t ive  mode of heat  t r a n s f e r  is genera l ly  f raught  with se r ious  
m a t h e m a t i c a l  diff icult ies .  Significant s impl i f ica t ions  a r e  poss ib le  with models  of an opt ical ly dense m e d i -  
um,  based on the Rosse land  approximat ion .  The use  of such a model  for  an ana lys i s  of the in terac t ion  
between radia t ion and a ref lec t ing  su r face  leads to i nco r r ec t  r e su l t s ,  however ,  espec ia l ly  for  media  with 
a m o d e r a t e  o r  a weak absorpt ion.  

A definite i m p r o v e m e n t  can be achieved by using a Rosse land  model  toge ther  with the hypothesis  of 
a t e m p e r a t u r e  jump at  the boundary su r face ,  this  hypothesis  havkng recent ly  rece ived  wide recognit ion 
[1, 5]. It becomes  re la t ive ly  s imple  to de t e rmine  the t h e r m a l  radia t ion  flux on this bas i s ,  but to calculate  
the t e m p e r a t u r e  field,  e spec ia l ly  n e a r  the boundary su r face ,  on the bas i s  of a t e m p e r a t u r e  jump is en t i re ly  
imposs ib le .  

The inconsis tency of the said hypothes is  will  be demons t r a t ed  here  on the example  of radia t ive  heat  
t r a n s f e r  in a plane l a y e r  of a g r ay  med ium with a s t rong or  a mode ra t e  absorp t ion  (kL > 1). 

The method of adjoint a sympto t ic  expansions  [2], which has  been recent ly  developed in fluid m e c h a n -  
ics ,  can be success fu l ly  applied to p r o b l e m s  of rad ia t ive  heat  t r a n s f e r  in g r ay  and in se lec t ive  media .  

This  method yie lds  exp re s s ions  descr ib ing  the intensi ty dis t r ibut ion in the boundary l aye r  and f a r  
away f r o m  it, and by adjugation one can find a uni formly  appl icable  exp re s s ion  fo r  the radia t ion flux. 

It will  be a s s u m e d  that  the su r f aces  bounding the plane l aye r  have only two p rope r t i e s :  t r ansmi t t iv i ty  
and ref lec t iv i ty .  The ambien t  media  on both s ides  of the plane l a y e r  have di f ferent  t e m p e r a t u r e s  T 1 and 
T 2 respec t ive ly .  Those boundary su r f aces  r e ce ive  ex te rna l  rad ia t ion  not n e c e s s a r i l y  in equi l ibr ium with 
i ts  med ium (Fig. 1). 

We will  a s s u m e  fu r the r  that  1) the boundary su r f ace s  a r e  g ray ,  and have diffusive p r o p e r t i e s ,  2) the 
hypothes is  of local  t he rmodynamic  equi l ibr ium is appl icable ,  3) the r e f r ac t ive  index of the med ia  is  inde-  
pendent  of the f requency and equal to unity,  and 4) the radia t ion is  one-d imens iona l .  

The intensity field of the given l a y e r  is  desc r ibed  by equations 

dI + 
e m - - - -  I + + B ( x ) ;  0 ~ m . ~ l ,  

dx (1) 
d i -  

e m - - -  I -  + B(x);  - - l ~ m ~ 0  
dx 

and the boundary condit ions 

x = O, I + = I+(0), (2) 

x = L, I -  = 1-(L). 
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S c h e m a t i c  d i a g r a m  of the  p r o b l e m .  

E m i s s i v i t y  p r o f i l e  of  a p l a n e  l a y e r  of  a g r a y  m e d i u m  wi th  

k L  = 3 and R 1 = R 2, a c c o r d i n g  to f o r m u l a  (20): 1) R 1 = R 2 = 0, 2) 

R 1 = R 2 = 0.9; A = [B(x ) - -B(L ) ] / [B (0 ) - -B(L ) ] .  

C o n s i d e r i n g  tha t  e < 1 in o p t i c a l l y  d e n s e  m e d i a ,  one m a y  s e e k  the s o l u t i o n  to  t h e s e  e q u a t i o n s  in the  
f o r m  of such  a s y m p t o t i c  s e r i e s  (ou te r  e x p a n s i o n s ) :  

I + = l  + +  el + + e z l  + + . . . ,  (3) 
I- l o  + d [ - +  e2I~ + . . .  

I n s e r t i n g  t h e s e  s e r i e s  into (1) y i e l d s  the  unknown func t ions .  A s  a r e s u l t ,  we  have  

dB 
I + = I -  --  B (x) - -  em - -  -!- 0 (~2). (4) 

dx 

It shou ld  be  e m p h a s i z e d  tha t  func t ion  I +, d e t e r m i n e d  by s e r i e s  (4), d o e s  not  s a t i s f y  i t s  b o u n d a r y  c o n -  
d i t i o n s  a t  x = 0. Obviously,  such  a s e r i e s  i s  u n s u i t a b l e  n e a r  th i s  b o u n d a r y  ( i n h o m o g e n e i t y  r eg ion) .  The  
s a m e  a p p l i e s  to the  p r o p e r t i e s  of  s e r i e s  (4) f o r  func t ion  I -  n e a r  the  b o u n d a r y  x = L. 

Such a s i t u a t i o n  a r i s e s  when the  d e r i v a t i v e  d r o p s  out  in the  z e r o t h  a p p r o x i m a t i o n ,  a f t e r  s e r i e s  (3) 
a r e  i n s e r t e d  into Eq. (1). 

We  w i l l  now s e a r c h  fo r  f unc t i ons  I + and I -  u n i f o r m l y  a p p l i c a b l e  in the  i n h o m o g e n e i t y  r e g ion .  F o r  
t h i s  p u r p o s e ,  we  change  the v a r i a b l e s  and  t h e i r  func t ions  in (1) a s  f o l l ow s  

x L - - x  
X ~ - -  ; X 2 ; I+(e, x ) = J + ( e ,  X~); 

8 ~ (5) 

1-if, x ) =  J-(~, Xo). 

dd+ J+-t-B(eXl) ,  
dX~ 

E q u a t i o n s  (1) w i l l  now be r e w r i t t e n  a s  

m 

dJ- 
m - J-  + B (eX2). 

dX2 

T h e  b o u n d a r y  c o n d i t i o n s  r e m a i n  the  s a m e .  

W e  w i l l  s e e k  the  s o l u t i o n s  to  t h e s e  e q u a t i o n s  in the  f o r m  of  the  fo l lowing  a s y m p t o t i c  s e r i e s  ( inner  
e x p a n s i o n s ) :  

~  - -  e ~ j +  J + = J 0  + + ~ , ' I  T 2 + . . . .  

(6) 

(7) 

C o n s i d e r i n g  tha t  

J- = Jo + eJV + ~J~  + . . .  

(8) 
B (eX~) ~ B (0) + B' (0) Xx8 -t- . . . .  

B (eX~) ~ B ( L ) "  B'(L) X2e 4:- . . . .  
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with the p r ime  sign denoting a der ivat ive  with r e spec t  to x, we can inser t  the inner  expansions into the 
cor responding  equations (6) and boundary conditions (2), and thus find the unknown functions there:  

J+ = B(O) + [l+(O)-- B(O)l exp ( - -  - ~ - )  . 

+smB'(O)[ "x'm - -1  +exp ( - - - ~ ) ]  +O.(e~); 

J- = B (L) -}- [I-(L)--B (L)I exp X__~ (9) 
/ n  

Here  B(0) and B(L) denote the emiss ion  power density of a black body at  the respec t ive  l aye r  bound- 
a r i e s .  

These  express ions  descr ibe  accura te ly  enough the radiat ion field near  the respec t ive  boundary 
su r faces ,  i. e . ,  where  the outer  expansions (4) a re  inoperative.  

We will now use the method of additive superposi t ion [2] fo r  a composi te  expansion uniformly appli-  
cable over  the given region: 

I + ~- B ix) - -  emB'(x) "-I- [I+(0) - -  B (0)1 exp --  ~m 

( x) +~ + emB'(O) exp - -  ~m 

I-  = B (x) - -  craB'(x) + [I-(L) - -  B (L)I exp 

§ emB'(L) exp L - - x  + 0 (e~). (10) 
em 

Both I+(0) and I - (L)  a re  found f rom the balance of radiant  energy at the boundary surfaces .  Defining 
the radiat ion flux as  

1 - - J  

qr = q+ - - q -  --- 2~ ,f. mI+dm-- 2zc j" mI-dm, (11) 
0 0 

one can also wr i te  the equali t ies  

q+(0) -~ M+(0) = z~ (I ~ R1) I1 "q- Rlq-(0); 
(12) 

q-(L) = z~l-(L) ~ r~ (1 - -  R2) I~ -k R2q+(L). 

If it is assumed that the region affected by a boundary surface  (the boundary layer)  extends f rom the 
wall  through a dis tance a t  which the exponential  t e r m s  in express ions  (10) become negligible, then, with 
the boundary l aye r s  not contiguous, q-(0) and q+(L) can be de te rmined  f rom the outer  expansions (3): 

q-(0) = uS(0) 4- 2z~ S'(0), 
' 3k 

(13) 

2~ , 
q%) = ~B (L)-- ~ 8 (L) 

After  inser t ing  (13) into (12), we have 

2 ,RIB'(0), I+(0) = (1--R~)I~ + RaB(O) -q- -~ff 

I-(L) = ( I - -  R~) 12 + R2B (L) -- ~k R2B'(L)" 

Equali t ies  (10), (11), and (14) y ie ld  an express ion  for  a one-dimensional  radiat ion flux through a 
plane l aye r  of a medium. 

(14) 
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TABLE 1. Dimensionless  Radiation Flux 

kL 

0,1 

!,0 

10,0 

0 
0,1 
0,5 
0,9 
0 
0,1 
0,5 
0,9 
0 
0,1 
0,5 
0,9 

according 
to [3] 

0,916 
0,761 
0,330 
0;052 
0,553 
0,493 
0,265 
0,050 
0,109 
O, 107 
0,090 
0,038 

qr 
~[B(O)--B(L)] 
according 
to [4] 

0,916 
0,762 
0,324 
0,0523 
0,553 
0,494 
0,262 
0,0505 
0,117 
0,113 
0,0945 
0,0376 

according to 
formula (21) 

0,833 
0,697 
0,301 
0,0492. 
0,533 
0,474. 
0,250 
0,0476 
0,116 
0,113 
0,0930 
0,0360 

{ i 2 R , B ' ( O )  E3(kx) qr • 2n (I--RI)[I1--B(O)I + - ~  

- -  2~{(1--R,z)[Ie--B(L)]-  ~--~ R2B'(L) II Ea[k(L-- x)] 

4~ B'(x) + 2n B,(O) E4(kx ) , 2a B,(L) E4[k(L__x) ] -i-O(e~). 
- 3-# T : - T  

This express ion  differs  f rom the well known Rosseland formula  for a radiation flux through optically 
dense media  by a few extra  t e rms  which account for  the effects of boundary sur faces  and of external  r a -  
diation. 

Steady-s ta te  heat radiation is descr ibed  by the equation 

dqr : -0.  (16) 
dx 

We will cons ider  only the case  where the external  radiat ion fluxes I 1 and 12 a re  in equilibrium with 
the i r  respect ive  media. Then 

I I = B ( 0 ) = - - - ~  T~; I 2 = B ( L  ) = ~ .  (17) 

Express ions  (15)-(17) yield an equation which desc r ibes  the radiation field in a plane l ayer  of a gray 
medium: 

4n R1B,(O ) e~(kx) + ~ -  R~B'(L) E2[k (L - -  x)l 
k B'(x) 3 (18) 

- -  2riB'(O) Z3(kx ) + 2riB'(L) E3ik (L - -  x)]. 

Such a problem,  when formulated in t e rms  of a model  of an optically dense medium (in the Rosseland 
approximation),  reduces  to Eq. (18) without the r ight-hand side. As a consequence,  e r r o r s  a re  incurred 
in the calculat ion of the t empera tu re  field near  the surface  during heat radiation. 

Equation (18) mus t  be solved for  the boundary conditions 

x = 0 ,  B(0 )=  ~---T~l; x = L ,  B(L)= c~ T~. (19) 

The solution is wri t ten as 

B (x) - -  B (L) __ C { 3 R1 E~(kx) 3 R.~ E4[k (L --  x)] 
B(O)--B(L) 2 l - -R1  2 i - -  R~ 

a__ k + 9 e # x )  9 e ~ t k ( L - -  x)] + ( L - -  x) 
4 1 - -  R1 4 1 - -  R2 4 

, I R~+~} 
2 1 - -  ' 

(20) 
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where  

C= qr l = (21) n[B(O)--B(L)] t7 1 17 1 1 + 3kL 
"16 I - -R1  /-  16 I - -R2  4 

F o r  compar ison ,  we have tabulated values  of the d imensionless  radiat ion flux according to formula  
(21) and according to data in [3] and [4]. As expected,  formula  (21) becomes  less  accura te  at lower values 
of the product  kL. The exact  solution is approached c losely  at  modera te  and large values of kL. 

An emiss iv i ty  prof i le  l aye r  with kL = 3 and with var ious  ref lec t iv i t ies  of the boundary sur faces  is 
shown in Fig. 2. The distr ibution of molecu la r  t empera tu re ,  uniquely re la ted  to the emiss iv i ty  of the m e -  
dium, is continuous everywhere  within the l aye r  -- including its boundaries.  

A Rosseland model  is Valid for  a region fa r  away f rom the boundary, separa ted  f rom it by a distance 
equal to at least  the m e a n - f r e e - p a t h  length of a photon [5]. Combining,  express ions  (4) and (11) will lead to 
to the same conclusion. Consequently, the well known Rosselaad formula  for  a radiat ion flux becomes 
inoperat ive nea r  a boundary sur face ,  as does the externa l  expansion (4). 

Heat radiat ion nea r  a boundary sur face  does not follow the laws of an optically dense medium. Ex-  
p ress ion  (15) contains exponential  in tegrals  which account fo r  boundary effects.  Th e i r  contribution becomes  
m o r e  s ignif icant  with weaker  absorpt ion in the layer .  

The p re sence  of these integrals  is a consequence of the inner  expansions (9), which descr ibe  the 
t r ansmiss ion  of radiant  energy near  a boundary at  dis tance f rom it equal to severa l  mean  f ree  paths of a 
photon. An unjustified extension of the Rosseland model  to the boundary region has led to the e r roneous  
conclusion concerning a t empera tu re  jump during radiat ive heat t r ansmiss ion  through a thermal ly  noncon- 
ductive medium. An analysis  by the method of adjoint asymptot ic  expansions shows, on the other  hand, 
that no such jump of molecu la r  t empera tu re  occurs  at the boundary. 

The balance of radiant  energy at a boundary sur face ,  as der ived in [6], es tabl ishes  only a jump of 
radia t ion t empera tu re  but not of molecu la r  t empera tu re .  

The resu l t s  p resen ted  here  a re  valid for  media  where  kL > 1. 

I +, I -  

m = COS 0;  

R1, R2 
L 
k 
B ( x )  = ~/~ T 4(x) 
T 
En(x) 

N O T A T I O N  

a re  the radiat ion intensi t ies  along the x -ax i s  in the posi t ive and in the negative direct ion 
respec t ive ly ;  

a r e  the re f lec t iv i t ies  of the two boundary sur faces ;  
is the l aye r  thickness;  
is radiat ive absorpt ivi ty;  
is the emiss iv i ty  of a black body; 
is the t empera tu re ;  
is tbe exponential  integral .  

1, 
2. 
3. 
4. 
5. 
6. 
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